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PREFACE 

results of a study f the shape and in- 

ternal structure of the Moon uti l iz ing data f r a  the Lunar Orbiter 

Program under NASA Contract No, NSR 05-264-002. It i s  planned to  sub- 

mit the report, less appendix, for consideration for publication in 
ICARUS. 
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The d is t r ibu t ion  of continents and maria and the displacement of 

the Moon's center of f igure  from the  center  of mass indicate  t h a t  the 

average elevation of continents i s  grea te r  than tha t  of maria. Com- 

parison of the terms i n  a spherical  hamanic expansion of the  lunar 

grav i ty  f i e l d  with similar terms i n  d is t r ibu t ions  of highlands (con- 
t i nen t s  and areas not  within circular basins) reveals tha t  the gross 

shape, as ref lected i n  the  d i s t r ibu t ion  of highlands, is unrelated t o  

the gravi ty  f i e ld .  

i n  the gravi ty  f i e l d  and of t he  d is t r ibu t ion  of surface features  indi- 

cates t h a t  excess mass underlies the maria and c i r cu la r  basins, Density 

var ia t ions  and in te rna l  s t ruc tures  which would produce the  observed 

gravi ty  f i e l d  are  calculated for (1) a r i g i d  Moon with a random lumpi- 

ness and (2) a Moon i n  i s o s t a t i c  equilibrium. The densi ty  contrasts 

and C terms 
c2 ,2 * 3,o 

Consideration of the C2,0, 

and dimensions f o r  each model are equally probable. 

insuf f ic ien t  t o  determine the  overal l  moment of inertia and whether t he  

Moon is homogeneous o r  different ia ted.  

Orbiter da ta  are 
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alyses  of tracking da ta  

1967; Lorel l  and Sjogren, 1968) and the  Soviet Luna-10 (Akirn, 1966) 

have yielded values f o r  the coef f ic ien ts  of a spherical  harmonic ex- 

paneion of the  slrternal lunar gravity f i e l d .  

of the backside provide Moonwide da ta  on the  d i e t r ibu  of continents, 

maria, and c i r cu la r  basins (Lunar Farside Charts LFC-1 and LFC-2, 1967). 

Detetminations of t he  lunar radius by image motion study of Lunar Or-  

b i t e r  photographs (Michael, 1967) and radar observations (Shapiro e t  al., 
1967) have yielded addi t ional  information on the  relat ionship between 

the Moon's canter of f i gu re  and center of mass. Because of t h i s  in- 

creased knowledge, it is appropriate t o  reconsider the relat ionships  

between the Moon's grav i ta t iona l  f i e l d ,  i n t e rna l  s t ruc ture ,  shape, and 

the d i s t r ibu t ion  of gross surface features  discussed previously (Lamar 

and McGann, 1966a). 

Lunar Orbiter photographs 
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RELATIVE ELEVATION OF CONTINENTS AND MARIA 

Determinations of the lunar radius  by ana lys i s  of ranger impacts 

(Sjogren and Trask, 1965), image motion study of Lunar Orbiter photo- 

graphs (Michael, 1967), and radar  observations (Shapiro, e t  a l , ,  1967) 

have yielded valuas which are inconsis tent  with the elevations shown 

on the char t s  of the  Aeronautical Chart and Information Center (ACIC), 

U.S. A i r  Force, St, Louis. 'The or ig in  of coordinates fo r  the char t s  

is a mean sphere which bes t  f i t s  the  center  of volume, whereas the  

o r ig in  f o r  the other determinations is the  center  of mass. Thus i t  

has been suggested (Sjogren, 1966; Michael, 1967; Shapiro, e t  al., 

1967) t h a t  the discrepancies may be the  r e s u l t  of displacement between 

the MOOR'S center  of f igure  and center  of mass. 
The re la t ionship  between the center  of f i g u r e  and center  of mass 

m u a t  be known t o  accurately determine the  re la t ionships  between the 

gravi ty  f i e l d ,  shape and i n t e r n a l  s t ruc ture .  For such studiea i t  w f l l  

be necessary t o  prepare contour maps showing elevations with respect 

t o  the Moon's center  of mass. The Moon's gross shape has been approxi- 

mated on the assumption of a systematic difference i n  e levat ion between 

continents and maria (Lamar and McGann, 1966a). 

the re la t ionships  between the  Earth's shape, grav i ty  f i e l d  and i n t e r n a l  

Structure ,  Munk and PllacDonald (1960a) followed a similar approach by 

assuming a syertamatic difference i n  e levat ion between continents and 

ocean basins. 

I n  the i r  analysis  of 

Lamar and McGann (1966a) suggested tha t  t he  average elevat ion 

( r e l a t i v e  t o  the center of mass) of the  continents is 3 km greater  than 

the maria. Goudas (1966) questionad t h i s  assumption, pointing out t h a t  

recent stereoscopic e levat ion determinatione revea l  no such relat ion-  

ship. 

which bes t  f i t s  the points  or  the center of volume. 

between the center  of volume and center of mass must be known before 

any systematla difference i n  e levat ion between continents and maria 
can be establ ished from stereoscopic observationa. 

The o r ig in  of coordinates f o r  these elevat ions is a mean sphere 

The relat ionehip 

The problem may be visual ized by imagining tha t  the Earth lacks 

oceans, which provide a convenient level surface centered on the Earth 's  
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center  of maw. 
by s t e p e ~ ~ ~ ~ ~ i ~  

kt observer on the Moon studying the  Earth's shape 

thods or  observations of the  limb would log ica l ly  
th ' s  center  of vslume as the  o r ig in  of coordinates. I f  

our lunar  observer viewed the  Earth with the  center  of the Pac i f i c  

Basin on one limb, the  center of the  Pac i f i c  Basin would have about 

the same elevat ion as cont inental  areas on the  Earth 's  opposite s ide ,  

relative t o  a coordinate system with its o r ig in  a t  the  center of the 

Earth's d i sk  o r  center of volume. 

Similarly i n  the  case of the Moon, i t  is possible tha t  the con- 

tinents are systematically higher r e l a t i v e  t o  the  center  of mass and 

t h a t  some maria surfaces,  r e l a t i v e  t o  the center  of f igure,  are higher 

than some cont inental  areas. 
use the stereoscopic height determinations t o  e s t ab l i sh  any s y s t m a t i c  

Moonwide difference i n  e levat ion between continents and maria u n t i l  
such observationa are transformed so t ha t  the o r ig in  of coordinates 

is t he  center of mass. "he authors (Lamar and McGann, 1966a,b) were 

thus incorrect  i n  s t a t i  t ha t  Hedervari's analysis  of Baldwin's (1961, 

1963) data was per t inent ,  and the  relative accuracy of stereoscopic 

determinations by d i f f e ren t  inves t iga tors  discussed by Goudas (1966) 

has no bearing on the problem. 

As pointed out by O'Keefe and Cameron (1962) p r io r  t o  the Ranger 

and Lunar Orbiter programs, the Moon's center of d i sk  w a s  known t o  be 

s i t ua t ed  about 1 km south of the center of maes, O'Keefe and Cameron 

made a least squares so lu t ion  t o  detarmine the sphere which most nearly 

f i t s  the coordinates determined from etereoscopic observations cataloged 

by Schrutkr-Rechtem t (1958) . The o r ig in  of Schrutka-Rechtens tam's 

Coordinates is a center  of disk derived from limb @bservations. 

Therefore, i t  w i l l  not be possible t o  

O'Keefe and Cameron found t h a t  the center of the  m e a n  sphere has 

the  f o l l m i n g  coordinates with respect  t o  the  origin: 
and t = -1.4 f 0.4 km where the x axis points  t o  the Earth, y points 

east, and E is the  north polar axis, 
the center  of the m a n  sphere, f i t t i n g  the  stereoscopic observations, 

should l i e  about 2 Ian south of the center of mass. This dieplacement 

of the  center  of f i g u r e  from the center  of mass is consis tent  with the 

higher proportion of cont inental  areas i n  the  southern hemisphere 

y - -0.4 f 0.4 km 

Their ana lys i s  indicates  t h a t  
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cmpared t o  the northern hemisphere (Pig. 1 and 2) and with a systematic 

t ion  of continents over maria. Although the  eaet-west 

separation is small and uncertain,  the  apparent d i rec t ion  of separat ion 

is opposite of what would be expected from the  grea te r  proportion of 

cont inental  areas i n  the  western hemisphere and from an excess i n  ele- 
vat ion of continents over maria. 

Analysis of tracking data  from the Ranger f l i g h t s  t o  the Moon 
(Sjogren and Trask, 1965) and the f i r s t  photographs (Lipskii ,  1961) 
of the  Moon's f a r s ida  provided the  f i r s t  indicat ion tha t  a re la t ionship  

analogous t o  t h a t  between the  north and south hemispheres e x i s t s  be- 

tween the Moon's f a r s ide  and Earth-facing hemlapheres. 

p ia tures  ind ica te  tha t  there  is a much smaller percentage of maria on 

the f a r s ide  than on the hemisphere facing the Earth. I f  a systematic 

difference i n  e levat ion between continents and maria mists, the Moon's 
center of f igu re  relative t o  the  center  of mass should be ~ i ~ ~ ~ ~ ~ d  

away from the Earsh, 

the radius from the  oan'ter of 8s is about 3 tCm less than the value 

indicated on t he  ACIC char t s  (Sjogren and Trask, 1965), Since the  

o r ig in  s f  coordinates f o r  these char t s  is based on a mean sphere de- 

termined from stereoscopic observations, the Ranger da ta  ind ica te  t h a t  

the center of f i g u r e  is displaced away from the  Earth. This displace- 

ment could have been predicted from the  relative absence of maria on 

the  f a r s ide  and the assumption of a systematic excess i n  e levat ion of 

the continents over maria. 

The farside 

Tracking of the Ranger spacecraft  rwea led  t h a t  

PrsliBinary determinations of the  Moon's r a d i w  with respect t o  

tha center of mass i n  the equator ia l  ragion facin'g the  Earth have b a n  

accomplished by ana lys i s  of image motion on p ic tures  taken by Lunar 
Orbi ter  (Michael, 1967). This inves t iga t ion  a l s o  revealed t h a t  the  

r a d i i  are 8 g s t ~ m r t i c a l l y  lower by 1 t o  3 lap (average about 2 km) than 

the  r a d i i  OQ the cum8 obtained f r  

s e h n o d a t i o  cont ro l  e y r t m  by Bray 

c analysis  of the ACIC 
surements 

radar deterw~inationr of tha die- 

of Lunar  Orbiter l 
the  r a d i i  determined 
1967). Thus the  



Fig. 1 Earth-facing s i d e  of t h e  M o o n  showing d is t r ibu t ion  of cont inents ,  mare,  a n d  c i r c u l a r  basins .  



Fig. 2 Farside of the Moon showing distribution of continents, mare, and circular basins. 
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analysis  of data  from the Lunar Orbicere subs tan t ia tes  the hypothesis 

of a systematic e x c e ~ ~  of e levat ion of cont inental  areas over maria, 
which is re l a t ed  t o  a displacement of t he  center  of f igu re  from the  

canter of mass. 

As shown i n  Fig. 3, i f  a systematic difference i n  e levat ion,  

amounting t o  H, csxists between continents and maria on opposite hemi- 

spheras, then the  displacement betwmn the center  of mass and canter of 

d i sk  is  H/2, The displacement of the center  of mase 1 kan north @E the 

center  of disk  on the  Earth-facing hemisphere is coneis tent  with the 

higher percentage of cont inental  areas i n  the Moon's southern hemisphere 

and with a sys tuna t ic  difference in elevaticm of about 3 b. 
The displacement of about 2 krn between the Earthward and fa rs ida  

hemispheres (corresponding t o  H/2 on Fig. 3) leads t o  an unexp 

high estimate of about 5 km fox the excess i n  e levat ion of continents 

over maria (H on Fig. 3) .  However, the r a d i i  determinations by image 

motion a r e  concentrated i n  the equator ia l  region (Michael, 1967), which 

ie predolaiwtntly maria; thus the  raht iva  percentage of maria on the  

Earthward a ide  may be waatQmphaeip. d. 

EabUsh that continents are systematically higher than mria r e l a t i v e  

t o  the  Moon's center  of  mas^. Additional s tud ies  are required t o  de- 

termine the magnitude of t h i s  difference snd t o  learn  the average depth 

of the  c i r cu la r  baeins. 

The exis t ing  da ta  appear t o  es- 

Be previously noted (Lamar and McGann, 1966a), i f  the Moon's 
densi ty  d i s t r ibu t ion  is spherical ly  symmetrical, then t o  a f i r s t  ap- 

proximation the  or ien ta t ion  of the  axes af the pr inc ipa l  momrants of 

i n e r t i a  would be re la ted  t o  d i s t r ibu t ion  of continent@, l a p l y i n g  maria, 
and circular basins. 
s e g f w  and around bin axia i n  the equator ia l  phne a t  9Oo-27O0 eae t  

longitude. 

Low-lying areas would be concantratad i n  polar 
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I 

Fig. 3 Relationship bet  en center of mass (c.m,) and center of figure 
(e.€,) for conc ration of maria m d  continents in distinct 
hemispheres, A syartemstic @xc IS in elevation (H) of continents 
over maria with reepsct to a 1 vel surface is assumed. 
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DISTRIBUTION OF CONTINENTS. MARTA. AND CIRCULAR BASINS 

Figures 1 and 2 show the Moonwide d i s t r ibu t ion  of continents,  

maria, and c i r cu la r  basins greeter  than 300 km i n  d i a m t e r .  

were compiled from the USAF Lunar Referenca &mai@ (1960). the  USAF 
Project  Apollo Lunar Planning Chart (1962). Whitaker, -- et al. (19631, 

Lunar Farside Chart LPGI (1967), and by study of Lunar Orbiter photo- 

graphs. These maps ind ica te  tha t  t he  Moonwide d i s t r ibu t ion  of law- 
lying maria and c i r cu la r  basins is the  opposite of t ha t  required t o  

explain the or ien ta t ion  of the axes of pr inc ipa l  moments of i n e r t i a .  

That is, low-lying maria and c i r cu la r  basins appear t o  be concentrated 

i n  equator ia l  regions and around an ax is  i n  the  equator ia l  plane a t  

Oo-18O0 east l o q i t u d e .  

The maps 

I n  order t o  determine the or ien ta t ion  of the  pr inc ipa l  axes of 

the d i e t r ibu t ion  of groes surface fea tures  and models of i n t e r n a l  s t ruc-  

ture,  i t  is convenient t o  express the  d i s t r ibu t ion  of surface fea tures  

i n  t e r n  of the coef f ic ien ts  of spher ica l  harmonic representations of 

functions analogous t o  the  ocean function of t he  Earth preaented by 

Munk and MacDonald (1960b). 

presented by Munk and MacDonald was usad t o  ca lcu la te  coef f ic ien te  of 
spher ica l  harmonic expansions f o r  d i s t r ibu t ions  of gross surface fea- 

tures. Because the expansion used by Munk and MacDonald is d i f f e ren t  

from the  expaneion of the  gravi ty  f i e l d  i n  spher ica l  harmonic8 given 

below, each coef f ic ien t  i n  the  functions w a s  mult ipl ied by (n-m)!/nt 

t o  permit  d i r e c t  comparison with similar terms i n  the gravi ty  f i e ld .  

I n  calculat ing the  coef f ic ien ts ,  the proportion of the  surface 

A computer program u t i l i z i n g  the equations 

f ea tu re  considered was tabulated f o r  oqtmrtss 10 degrees on each s ide  

from Fig. 1 and 2. 
I. Distr ibut ion 1 represents  a cont inenta l i ty  (or non-maria) function. 

The coef f ic ien ts  of Distr ibut ion 2 express the  d i s t r ibu t ion  of areas not  

within the  outer r i m  of a c i r c u l a r  basin. 

a c i r cu la r  basin, questioned outer  rims were ignored and incomplete 

r ings were completed. 

The values of the coef f ic ien ts  are l i s t e d  on Table 

I n  defining the area within 

Muller and Sjogtren (1968) have shown that the most y o u t h h l  ap- 

pearing circular basins  on the nearside (Imbrium, Se ren i t a t i s ,  C r i s i u m ,  
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Humortm, and Nectarla) and Orientale Basin on the  limb caused pertutba- 

tiona in the  laotPoP11 of Lunrrr Orbiters.  They suggest the perturbations 

6s beneath thes basins. Comparison of the out l ines  

of the gravi ty  anomalies shown on t h e i r  map with Fig. 1 indicates  t ha t  

the excess masses are concentrated within the inner r ings of the Imbrium 

and Nectaris B a s i n s .  

of an outer  r i m  o r  r i ng  relative t o  t h e  excess mas8 concentration is 
not cer ta in .  In the  case of the Se ren i t a t i s  Baein, the existence of. 

an outer  r i ng  ie n e t  clsar, A euggestlon of an outer  r i m  appears 

along tha north- t shore of L a o w  Somniorum and the south shore of 

Mare Vaporum and the area t o  the southeast  along the Hyginue R i l l e .  

For the C r i s i u m  and Humorum Basins, the existence 

Desiree Stuart-Alexander and Keith Howard (personal communications, 

1968) have made a preliminary study of the r e l a t i v e  ages of c i r cu la r  

baain. g rea te r  than 300 lcm i n  diameter on the bas i s  of (a) r a t i o  of 

basin size t o  s i ze  of la rger  superposed craters, (b) sharpness of scarp, 

( c )  presence of r i m  deposits,  (d) completeness of outer  r ing ,  (e) c l r -  

cu la r i ty ,  ( f )  completeness of an inner  r ing,  and (g) subject ive rank 

of ove ra l l  age. Based on t h e i r  ana lys i s ,  Serenitartis is the oldest  

of the nearside basins which perturbs the motions of the  Lunar Orbiters.  

They consider the following addi t iona l  baains t o  be younger than Seren- 

i tat is:  G r i m l d i ,  Bai l ly ,  Moscoviense, and unnamed basins, i den t i f i ed  

by the coordinatas of t h e i r  centers ,  45W, 555; 140E, 5N; 165E, 355; 

130E, 705; 155W, 55; and 130W, 5N. Dis t r ibut ion 3 rcapreeants the armis 
outside of the  outer  rims of c i r cu la r  baains, as young as Sereni ta t i s .  

In  masider ing the  s ignif icance of the inner  and outer r ings or  

rims, i t  is important t o  note tha t  the development of the inner r ing  

appears t o  be dependent on the  diameter of the  outer  r ing.  

i n  the following small basins younger than Se ren i t a t i s ,  the  inner r ing  

is abaentt Bai l ly;  140E, 5N; and 165E, 35s. For the  following s l i g h t l y  

la rger  basins  younger than Se ren i t a t i s ,  the  inner  r i n g  is Ind i s t inc t  

or Incomplete compared t o  the  outer  r i m :  Moscwiense; 130E, 70s; and 

155W, 5s. Therafore, in-consridering the d i s t r i b u t i o n  of areas outaide 

of inner dags, .ingle-ringed basins were ignored. 

rapreeearta are- @u&+l.de QL the  inner ring. of the  baains which Muller 

For example, 

Distr ibut ion 4 
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and Sjogren (1968) suggest are underlain by excess mass, and the  fol-  

lowing addi t ional  basins: Grimaldi; Moscoviense; 45W, 55s;  130E, 70s; 

1S5W, 5s;  130W, 5N. 
Because of var ia t ions i n  i l lumination, the tone of f l a t  lying 

areas d i f f e r s  with d i f f e ren t  photos and the precise  d is t r ibu t ion  of 

maria is d i f f i c u l t  t o  determine. The outl ines  of the c i rcu lar  basins 

are also commonly obscured. Although the d i s t r ibu t ion  of gross surface 

s h m  on Fig. 1 and 2 may be modified by more detaflad etudiee, 

the v a l w a  of the  coef f ic ien ts  i n  Table I should not change s igni f i -  

cantly with subsequent analysis  of improved maps. 
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LUNAR GRAVITY FIELD 

The lunar grav i ta t iona l  po ten t ia l  function is expressed as the 

following series expansion in spherical  harmonics with coeff ic ients  

where p is the product of the grav i ta t iona l  constant and the mass of 

the moon, r is the  r a d i a l  distance from the center of the moon, a is 
the mean radius of the moon, P 

Q, is the l a t i t ude ,  and X is the  longitude. This is the  form of the 

poten t ia l  recornended by the Internat ional  Astronomical Union and has 

been adopted i n  analyses of the  Lunar Orbiter tracking data  (Michael, 

_. a t  a1 
Sjogren, 1968). The values of the coeff ic ients  i n  the gravity f i e l d  

presented by Lorel l  and Sjogren (1968), Tolson and Gapcyneki (1967), 

and Akim (1966) with the correction in sign of the tarme with odd value 

of m, suggested by Tolson and Gapcynski (1967), are presented on Table 11. 

are associated Legendre polynomials, 
n*m 

1967; Tolson and Gapcynski, 1967; Michael, 1967; Lorel l  and 

It is in te res t ing  to  note tha t  i n  a l l  three .analyses the C term 
2,1 

departs s ign i f icant ly  from zero. In  Lore l l  and Sjogren's (1968) anal- 

ysie,  the S term a l so  departs from zero. Jeffrey8 (1962, p. 141) 

pointed out t ha t  the lack of a wobble of the Moon's axis of ro ta t ion  

indicates  t h a t  the C and S 

very nearly zero or  no more than 0.001 of the C and S terms. If 
the  S t e r m  is not very close t o  zero, then the  resu l t ing  torque 

should cause the Moon t o  ro t a t e  u n t i l  the  l i n e  pointing toward the 

Earth is a pr inc ipa l  axis and t h i s  term vanishes. 

(1967), t he  C2,1, S2,1, and S 
as addi t ional  tracking data have been analyzed. 

with su f f i c i en t  data  and fur ther  analyses, thaee term w i l l  completely 

vanish 

2.2 

term i n  the gravi ty  f i e l d  must be 
291 2,1 

2,2 2,2 

2,2 

According t o  Michael 

coeff ic ients  have tended t o  decrease 

It is possible tha t ,  
2,2 
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ORIENTATION OF PRINCIPAL AXES 

A Cartesian set of coordinate axes f ixed i n  the Moon are defined 

with the x and y axes in the  equator ia l  plane, the  x axis directed to- 

ward the  mean d i rec t ion  t o  the  Earth, and the e axis d i rec ted  north 

along the  axis of rotat ion.  The second degree terms i n  the gravi ty  

f i e l d  are re la ted  t o  the moments and products of inertia as follows: 

Ixx - A 
I = B * A + 4 M a C  2 

2.2 w 
C A -t- Ma 2 (2C2,2 - C2,0) Iza  

where A, B, and C are the Moon's pr inc ipa l  moments of i n e r t i a ,  M i e  

the Moon'a mass, and a $8 the  Moon's mean radius. 

The second degree terms i n  the  spher ica l  harmonic representation 

of the d i s t r ibu t ion  of surface fea tures  are r e l a t ed  t o  the moments 

and products of incartla as followel 

8n 4 
Y Y 3  

where u is the  load per u n i t  area due t o  the higher e levat ion of con- 

t inenta  and area8 out r ide  of c i r c u l a r  basins.  

The o r i e n t a t i o m  of thar pr inc ipa l  axes of the  continent dietr ibu-  

t ion,  the no-circular basin d i s t r ibu t ions ,  and the  overall mass dis- 

t r i bu t ion  expressed by the grav i ty  po ten t i a l  coef f ic ien ts  indicated 

i n  Table 111 were determined by the  above equations and the  equations 

presented by Munk and MacDonald (1960b). 

axes of least and grea tes t  moments of i n e r t i a  i n  the equator ia l  plane 

The east longitudes of the  
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re la ted  t o  the gravi ty  f i e l d  and the spher ica l  harmonic reprwentat ione 

of surface features  were determined by tan 2h 

longitudes corresponding t o  the  axes of leatat moment of i n e r t i a  on 

Table 111 were iden t i f i ed  as representing the  smaller value of the  

quantity: - C cos 2X - 25 s i n  21. 

S2,2/C2,2. The e 

2,2 2,2 
For s t a b l e  or ientat ion,  the axis of g rea t e s t  moment of inertia 

corresponds t o  the  ro t a t iona l  ax is  and the axis of least moment lies 

along a l i n e  pointing t o  the Earth. 

axes, determined from the coef f ic ien ts  i n  the gravi ty  f i e l d  presented 
by Akim (1966) and Toleon and Gapcyneki (1967), l i e  within 5 degrees 

of the s t a b l e  or ien ta t ion ,  For t h e  coef f ic ien ts  presented by Lore l l  

and Sjogren (1968), t he  axes l i a  wfthin about 15 degrees of the s t a b l e  

or ientat ion.  

tures are within 30 to  40 degrees of an or ien ta t ion  opposite t o  a s t ab le  

or ientat ion,  

40 degrees of the  polar  axis and the axes of gm 
30 degrees of the center of the disk. 

e levat ion of maria and c i r cu la r  basina ve r i fy  t h e  authors' earliar re- 
j ec t ion  of a homogeneous density d i s t r ibu t ion  within the Mom, 

e f f e c t  of an excess load (C I )  due t o  the grea te r  e levat ion of continents 

and areas outs ide of c i r c u l a r  baeins is more than compensated f o r  by 

plxcess mass beneath the maria and c i r cu la r  basins. 

The or ien ta t ions  of the  pr inc ipa l  

0 
The pr inc ipa l  axes of the d i s t r ibu t ions  of surface fea- 

"hat is, the  axes of least moment of i n e r t i a  l i e  within 
test nunnmt are within 

These or ien ta t ions  and the  lower 

The 

Signif icant ly ,  Mash (1963) 8Uggmat@d t h a t  excess mass beneath the 

maria may be the explanation f o r  the relative lack of maria on the  

Moon's fa rs ide .  

chronous ro ta t ion ,  with excess M ~ S  beneath the maria facing the Earth 

iu Q s t a b l e  or ientat ion.  

from the impact of objects  denser than the  Moon and t h a t  the  apparent 

concentration of maria in the  plane of the  e c l i p t i c  may be explained 

by an as t e ro ida l  o r i g i n  f o r  t h e  impacting objects.  

ce8s of maria formation which i e  random and leads t o  an excess of mas8 
beneath the maria eurface could reeult in the  present d i s t r ibu t ion  of 

Nash hypothesized t h a t  the Moon wae locked i n t o  syn- 

He a l s o  suggested that t h s  maria resul ted 

Howewer, any pro- 

maria with r m p e c t  t o  the  ry1oon's ro t a t iona l  axis and the d i r ec t ion  to  
the  Earth. The present d i s t r ibu t ion  could be the, r e su l t  of wander of 

t he  Mo~n's axes t o  the posi t ion 00 etable equilibrium, regardless  of 
the  o r ig ina l  came of the  dsnaity disgribution. 
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MOMENT OF INERTIA 

Tolson and Gapcynski (1967) have calculated the value of the 

quant i ty  q = 3C/2Ma2 = 0.5895 k 0.05 where C is the  moment of i n e r t i a  

about the axis of ro t a t ion  from t h e i r  values of C2,0and C2,2. 

ing t o  Jeffrey8 (1962), f o r  a c h m i c a l l y  homogeneous moon with increase 

in densi ty  with depth due t o  in t e rna l  pressure, q = 0.596. 

t o  our calculat ions (Lamar and McGann, 1966a) f o r  a linear increase 

in density from 3.2 gm/cm3 below a th in  c rus t  t o  3.76 gm/cm3 a t  the 

center,  q 0.592, and f o r  a more extreme d i f f e ren t i a t ed  model in 
which the densi ty  increases l i n e a r l y  from 2.8 gm/cm3 a t  the clurface 

t o  5.0 @/cm The problem of the overa l l  

moment of i n e r t i a  has been considerably improved by the  o r b i t e r  data  

and it i s  apparently no longer neccsssary t o  consider the p o s s i b i l i t y  

t ha t  the densi ty  of the Moon decreases with depth. Rowever the data  

a re  s t i l l  in su f f i c i en t  t o  decide whether the Moan is di f fe ran t ia t&d 

o r  chemically homogeneous. 

Accord- 

According 

- 3  a t  the center; q = 0.568. 
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INTERNAL STRUCTURE 

In t h i s  sect ion we consider i n t e r n a l  densi ty  d i s t r ibu t ions  which 

reconcile t he  coef f ic ien ts  of spherical  harrnonic expansions of the ex- 

t e rna l  grav i ty  f i e l d  with similar c o e f f i e i a t s  representing surface 

fea ture  d is t r ibu t ions ,  Arbitrary cu tof fs  @WE aesmed between maria 

and continents and between c i r cu la r  basin$ d areas  outside of cir- 
cu lar  basins. I f  such models re f lec ted  the t rue  in t e rna l  s t ructure ,  

the pr inc ipa l  axes of the  d i s t r ibu t ions  of highlands (continents and 

areas outs ide of c i r cu la r  basins) would correspond t o  the Mom's prin- 

ctpsl axesb If ewmm th  the maria a?? C f r a S l 8 % ?  basins f r  
grea ter  them the load dtut r elevat ion of continants and 
areas outside of basins,  the Moan's axis of l e a s t  moment of i n e r t i a  

w i l l  correspond t o  the ax is  of g rea t e s t  moment f o r  the d i s t r ibu t ion  

OF highlands. 

. . .  

j 

Aa aetrsd ikt Qhe previ sect ion Lot t strtbutions considered, 

the  pr lnc lpa l  axes of the surface fea tures  are no el@ r than 30 t o  40 
degrees t o  such an orientation. 

nature  of the coef f ic ien ts  of the gravi ty  f i e l d ,  consideration of more 

elaborate  models of i n t e rna l  s t ruc tu re  i s  not  now j u s t i f i ed .  

a l l y  it w i l l  be appropriate t o  consider models of i n t e rna l  s t ruc ture  

i n  which the mass e f f e c t s  beneath individual basins is considered a 

function of the? age and size of the feature.  If the pr inc ipa l  axes 
fo r  such model6 correspond t o  the, Moon's pr inc ipa l  axes, it would be 

of i n t e r e s t  t o  coneider higher order terms i n  the gravi ty  f i e l d  and 

d i s t r ibu t ion  of surface features.  

Because of t h i s ,  and the preliminary 

Evantu- 

In the present analysSe, only the  terms which r e f l e c t  the oblate- 

ness (C ), d l i p t i o i t y  of; the eqwator fC ), and north-south asym- 
metry (C ) are considered. ca lcu la t ions  give ar). Ida@ of the 

fntarnal  d m s i t y  variations required t o  reconcile the  g rmdty  f i e l d  

2 ,o 2 *2 

3,o 

and the  gross shape as re f lec ted  i n ' t h s  d i s t r ibu t ton  of surface fea- 

turas* 

(1) i l a  assumad t o  be a r i g i d  

the d w u i t y  v a r i s ~ i o n a  are acssr~ntkd t o  

gene i t ies  as suggersted by Urey, Elsasser, and Rochester (1959). 

The following models of Enternal s t ruc ture  are considered: 

not tn i s o s t a t i c  equilibrium; 

r e s u l t  of r m d m  inhomo- 



n ows a -ap  of radius  R is 

whre G is t%e 

over the spherte 

c o d f i c i e a t s  C' and SAlm, and r is the  dis tance from the canter  of 
the sphere, 
wa derive the  followtog expression for  the e f f e c t s  on individual co- 

e f f i c i e n t s  of the gravity fioldr 

it&ticaal ocsa#tmt, u is the surface afea densi ty  
esaed in a spherical  harmonic representation with 

From the equation f o r  the lunar grav i t a t iona l  po ten t ia l ,  
n rm 

4ruR*'C' n.m 
'rPn (2n + I > M ~ ~  

c =  

wherca M is the mass and a is the Moon's mmn radius. 

Assuoniag -them I end 6Ub8titUtbg the exprcaseion 

f o r  the mass of a we derive 

8 
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Dirt. 1 D i s t .  2 D i s t ,  3 

4.1 7.1 13.5 

2 e 6  2 e 5  4 , s  
c2,0 

292 
C 

I 

the avai lable  data  ind ica te  t h a t  marfa and c i r cu la r  basins are low in 
elevation, thus these calculat ions indicate  tha t  the assumption of a 
homogeneous densi ty  d i s t s ibu t i an  is f a l se ,  

D i s t .  4 , 

23.1 

10.2 . 
1.5 

. 310 
C 8.5 4.2 6.0 I 

Tabla IV - Excess elevat ion (km) of maria and c i r cu la r  basins  
required t o  produce coef f ic ien ts  i n  the lunar grav i ty  f i s l d  
determined by Tolson and Gapcynski (1967) from d i s t r ibu t ions  
of surface fea tures  and a homogeneous Moan. 

To estimate simple mass d i s t r ibu t ions  whieh w i l l  produce the 

values of terms i n  the grav i ty  f i e l d ,  it i s  necessary t o  derive gen- 

eral equations analogous t o  those presentad ia &an earlier paper fo r  

the second order terms (Lamar and McGann,  1966a). In in tegra€  form 

the e f f e c t  on individual coef f ic ien ts  in the3 gravity f i e l d  is 

where B is the  assumed exceso elevat ion of continents and areas out- 

s%$% of circular barins,  pa is the Moon's average densi ty  (3.33 gms/ 

<mt ), and Ap(r) i s  the axce$s in  densi ty  of material beneath maria 
and c i r cu la r  basins, 

3 

For a r ig id ,  lumpy m o d e l ,  we am a llsnar decrease in the  den- 

s i t y  cont ras t  with depth, o r  &(r) = Ap(8)'(t/a), 

densi ty  contrast a t  the cntzface$ by integps 
re Ap(a) ir tb 

It i s  assumed that the density of aratd 

t o  the average dansi ty  of th won, 
1 sear the  surface i s  equal 



3 where p i  i s  the density of n icke l  i ron (7.8 p / c m  ). 

by var ia t ions  i n  thickness o f  c rus t  f loa t ing  on mantle, we assume zero 

thickness f o r  c rus t  beneath maria and c i r cu la r  basins,  

a t  depth, D, and a densi ty  excess i n  mantle beneath c i r cu la r  basins 
and maria which decreases l i nea r ly  

If topographic i r r e g u l a r i t i e s  are assumed t o  be compensated f o r  

compensation 

t h  depth; by integrat ion 

where p 

the  m a n t l e  d i r ec t ly  beneath maria and c i r cu la r  basins,  

condition of zero stress a t  the Moon’s center;  from Lamar and McGann 

(19668) 

is  the densi ty  of c rus t a l  material and p 
C ta i s  the densi ty  of 

We a s m a  8 

3 We assume t h a t  the average densi ty  of c rus t a l  material i s  2,8 gm/cm 

and tha t  the densi ty  contrast between the c rus t  and m a n t l e  (pm - pc) 

i s  0,4 gm/cm . Accepted values f o r  the  Earth are pc- 2.84 gm/cm3 and 

(Pm - PC) = 0.43 gm/m 

order terms and the re la t ions  

3 

3 (Worzel and Shurbet, 1955). For the second 



8 E - X -  C - A  C - A  B - A  , C X - M a  2 2  
5 B c v y = -  

where C ,  B, and A are the principal moments of inertia of the Moon, 
the above equations reduce to  those presented in Lamar and McGann 
(1966a). 

Tabla V l ists  values of parameters for the models of internal 
structure calculated by the above equations from the coefficients 

for distributions o f  surface features and Tolson and Gapcynski'a (1967) 
determination of the gravity f ie ld.  
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95.5 

57.3 

71.8 

300 
9.0 

0.30 

0.32 
0.35 
0.17 

0.12 

0.15 

3.0 
5.0 

--- 

3.0 
5.0 

3.0 

5.0 

3.0 

5.0 

3.0 

5.0 

19.4 

20.9 

9.8 

11.3 

- 

6.7 

8.2 

3.0 

5.0 
I 

Isostatic Model 

Density Con- Depth of 
trast, A (a) Compensation, 

D (am) 
0.017 44.3 

0.018 58.5 
0.011 35.7 

0.011 49.9 

0.0064 29.8 

0.0066 43.9 

0.032 62.0 

(gdcm s 1 

"___I_ _ -  . -I_ - 

0.033 

0.011 
0.011 49.6 

0.042 73.8 

0 8 044 1 88.6 

Table V - Parameters for modale of internal structure required to pro- 

duce coefficients i n  the lunar gravity f i e l d  determined by 

Tolson and Gapcyndcl (1967) from distributions of surface 
featurea, The quantlty H represents assumed values of the 

exceea elevation of continents and areas outside of circular 

basins . 
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CONCLUSIONS 

An excess i n  density beneath the lowlands (maria and c i r cu la r  

basins) i s  indicated by the re la t ion  between the C 2 , O '  c2,2s and C 
terms i n  the gravi ty  f i e l d  and the d is t r ibu t ion  of surface features  

(Table V ) .  However, the densi ty  excesses corresponding t o  the  three 

terms d i f f e r  by no more than a fac tor  of three fo r  the three models 

of in te rna l  s t ruc ture  considered. 

390 

Distribution 4 most c losely corresponds t o  the existence of 

mascons" beneath the inner r i m s  of the most youthful appearing cir- I1 

cular  basins, as  revealed by the analysis of Muller and Sjogren (1968). 

I F  mascons are  assumed t o  be masses of nickel-iron, they correspond 

t o  a layer  averaging about 1 2  km thick,  as detennlned from Table V, 

o r  more r e a l i s t i c a l l y ,  a layer several tens of kilometers i n  thickness 

with a 10-20% excess of nickel-iron, 

The i s o s t a t i c  model f i t s  the data equally well, The required 

depths of compensation fo r  t h i s  model appear reasonable; they are not 

s iyn i f icant ly  greater  than corresponding depths detexmined fo r  the  

Earth. 

cular basins and maria for the  i s o s t a t i c  model could be explained by 

e lower temperature of a few hundred desrees centigrade, 

The required excess i n  the density of the mantle beneath cir- 

Data froa the Lunar Orbiter Program have grea t ly  improved our 

knowled?@ of the Yoon's gravi ty  f i e l d  and gross shape as ref lected i n  

the d is t r ibu t ion  of surface features.  However, these data alone are 
in su f f i c i en t  t o  determine which model of in te rna l  s t ruc ture  i s  most 

probable, o r  the nature of the processes which have shaped the Moon's 

surface. 
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Appendix 

Computer Programs 

This appendix containe l i s t i n g s ,  explanations and flow diagrams 

f o r  all programs wr i t ten  f o r  t h i s  project.  

program consists of a main rout ine and two subroutines. 

sumes the surface of the  Moon t o  be divided i n t o  10' squares f o r  cal- 
culat ion of the  spherical  harmonic coef f ic ien ts  of the d is t r ibu t lpn  

of surface features.  The subroutine "PRNT" produces a t ab le  of the 

d is t r ibu t ion  of the  surface features  as determined from maps of t he  

Moon and is the input to the  program. 

the  tensor f o r  computing the momento of inertia about the pr incipal  

axes, and their  orientation. The "Moon Xodeling" program computes 

the parameters for  d i f fe ren t  models of i n t e rna l  s t rdcture .  

The "Spherical Wa~lrmonic8" 

"MAIN" as- I 

The subroutine "TENSR" generates 
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Table 1--Symbols Used i n  "MMN" routine of Spherical Harmonics Program 
- - -  I Fortran 
Nomenclature - ..-- - 

__ - - __ - I 

RUN 

THTA 

ELAEa 

F 

E L C ~  

TH@ 

C@A 

SITA 

F1 

F2 

F3 

P4 

Q 
R 

HASU 

FISU 

F5 

P6 

SM 

TTbl 

i 
i 

- -  --- .- I *I-- 

Explanation 
- - - - - - - - . .__ ___ I - 

Var iables 
- _. __ I_ - __ . - . - - I----I- 

Label for data identification 

8, colatitude 

A ,  east longitude 

f ( e , x ) ;  continentality function 

AX 

A0 

sin 8 

cos 0 

(m + r): 
(n - r) :  

(n - ni - r)! 

r! 
(COS e - r >  (n-m-r) 

(cos e + lf 

(cos e + 1lr n-m-r (cos e - niim (m + r)!(n 1 r)!(n - m - r)!r! 1 4  

(n - m)! 
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- __ I 
Fortran 

Nomenclature t -I____ .- I__ 

P 

SIML 

CdKL 

THP 

APAL 

BPAL 

A 

B 

F7 

8T 

GSWM 

SSUM - GIs 

9 8x5 

IPRT 

ITR 

(cos e - l)n-m-r (cos 8 + l)= nim 1 i=o 
s i n  mX 

cos mX 

n: 

(2x1 + l )nI  / 2n(n + m): 
(an + l ) /4n  

summation of C tern 

eunanation cf 9 term 

ace spher ica l  harmonic 
8 
n9s 

Integers  

1 ' 
number of con on d i s t r ibu t ions  t o  
be run 

swltuh f o r  requsoting p 

switch f o r  requee t i ng  "TENSR" calculat ions 

gout of t ab le  of conti-- 
t a l i t y  function 



~ 

Nomenclature 

W I  

LIM 

IF1 

IF2 

I 
1 
I i upper limit for eurmnetion 

counter for number of n,m combinations 

last term of factorial 

IF3 

IF4 

IF5 

IF6 

, 



coo 

c20 

c21 

c22 

121 

s 22 

" " I  

EM2 

EM3 

EM4 

EM5 

EM6 

A 

B 

C 

D 

Q 
R 

TEST 

SI 

P 

Variables 
lllllll__l -_̂ _I 

3 

2 
Coefficient of I 

Coefficient of I 

Coefficient of I 

conetarnt term of cubie 

- <  

in$ roots of cubic 



-33- 

I Fortran 
Nomenclature Explanation 

Y1 

P2 

a3 

21 

22 

23 

R1 

H2 

H3 

x3 

x2 

T l  

1 

CALPl 

CBEJTl 

C 6 M 1  

a 1  

. .  
Wl 

:} roots of the cubic 

i 
greatest moment of inertia,  Ix 

intermediate moment of inertia,  I 

least  moment of inertia, Iz 
Y 

~ 

I 

1 

diagonal tams of orientation matrix 
I YY - 
1 =*x 

i~ 

I 

’ w rb ( directson numbers 
Y x i  

1 1 1 al ) 



X 

Y 

TP1 

PH1 

SPH1 

CPHl 

P11 

PHI 1 

TP2 

PH2 

SPH2 

CPH2 

P22 

PHI2 

* ' h  
+ ' f e 2 , 2  /s 2,2  ) 2 +  11 

t longitude (radians) 

mogagnt of inertia abmt 

91; casst longitude (de 
- EZC2,2/S2,2)2 + t 3  L 

tan 92 c2,2Ig2,2 

nunnent of iwrtia about 0, 



d 
* ,  . I- 

fSN 

ISC 

MZN 

number of ssts of rsphsrical hannonie inputs to 
be run 

run counter 

= l ~  P11 is a minimum 
"2; P22 ie a minimum 



Y 
V E: Y 

r i 

1 9 7 

P 

ro w 
0 

8 
7 4  
U 

Lc 
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n 

.- 
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VI 
U > 



-40- 

L 



-41- 
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ENTRY 7 

Table 4--Flow Megram of "TENSR" subroutine of Spherical Harmonics Program 
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YES 

. EQ,Z3.AND.BMA 

Table 4-Continued 



-44- 

Q 
4 

CQIMPUTE: 
H1, H2, H3, X3, X2,X1, 
H4, H5, H6, X6, XS, X4, 
H7, H8, H9, X9,X8, X7, 

S 1, CALP 1, CBETl , CGAM1, 
52, CALP2, CBETZ, CGAM2, 
53,CALP3,CBET3,CGAM3, 

AMLl ,AML2,AML3, 
TTHAl ,THAI 

THA2=T? -THA2] 

a 

t 
C@MPUT E : 

F(AML21 .,. 0 

Tab le 4-Contdnwd 
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THTAl1 ,THTA12, 
THTA21 ,THTA22, 
THTA31 ,THTA32, 

X,Y, TP1, PH1 , 
SPHl , CPHl , P11, 
PHI1 ,TP2,PH2, 

SPH2, CPH2, P22, 
PHI2 PHMIN 

-T- 

Tabla &-Continued 











* 

c 
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Table t--Continued 
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Fortran 
Nomenclature Explanation 

Variab lea  

N 

M 

CNMP 

SNplIp 

H I  

n 

m 

TITLE 

CNM 

SNM 

EN 

IMAX 

J 

K 

L 

CPT 

number of n,m combinations consridered 

counter f o r  the  d ie  t r ibu t ions  considered (4) 

counter f o r  the  sets of data  considered (3) 

counter f o r  H I  

HC 

SPT 

n,m' ) coef f ic ien ts  of spher ica l  harmonic regresen- C 

(' t a t i on  of the  d i s t r ibu t ion  of surface features  
8 n ,m' 

d i f ferences i n  e levat ion between maria and continents;  
and between c i r c u l a r  basins and arms outside of basins 

l a b e l  f o r  i den t i f i ca t ion  

n,m coe f f i c i en t s  of a surface spher ica l  harmonic C 
' expansion of the  gravi ty  f i e l d  

s \  n,m 

n 

1738. - 
dn/m 3. 

1738. - 
n,m 3. H = d  HS 

Integerre 
I 

LMAX number of HI coxwidered 



Fortran 
Nomenclature 

Variables 

Explanation 

A 

R1 

82 

R3 

R4 

H 

T 

DELRA 

X 

Y 

z 

SQQ 

SQ 

D 

D M  

L 

LMAX 

radius  of moon 

counter f o r  HI 

number of HX considered 

average density of moon 

density of nickel-iron 

'a9 

%' 
%m# 

'CS 

density of material beneath maria o r  c i r cu la r  basins 

deas i ty  of c r u s t a l  material 

HI (see "MAIN" explanation) 

t, thickness of nickel-iron layer  

Ap(a), d e m i t y  cont ras t  

intermediate s torage locat ions f o r  quadratic 
C A h Z U h t h X k  f addi t ional  densi ty  contrasta 

depth of compensation 

bp(a) ,  density contrast  
_I__- 

Integers  


